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Abstract—This paper presents a complexity-theoretic 
classification of Fischer Random Chess (Chess960) within 
the canonical hierarchy of computational complexity classes, 
with particular reference to the classes  and . Fischer 
Random Chess differs from classical chess solely in the 
randomization of the initial back-rank configuration, while 
preserving the complete movement, capture, check, and 
termination rules of the standard game. We formalize the 
generalized  decision problem : 
determining whether the player to move possesses a forced 
winning strategy, and analyze its position within the chain 

. Building on the 
classical result of Fraenkel and Lichtenstein that generalized 
chess is -complete, we argue that the 
starting-position randomization of Chess960 is 
complexity-invariant: because the decision problem is 
defined over arbitrary legal positions rather than over 
games played from a fixed origin, the hardness reduction 
transfers without modification. We further distinguish the 
unbounded variant ( -complete) from the 
polynomially move-bounded variant (
-complete). The principal conclusion is that generalized 
Fischer Random Chess is provably not in , and is not in 

 unless  (a collapse widely 
conjectured to be false). A Python framework for computing 
the initial branching factor, the combinatorial multiplicity of 
legal start arrays, and the state-space growth is provided, 
alongside a comparative analysis against classical chess. 

 
Keywords—Computational complexity; Fischer Random 

Chess; Chess960; EXPTIME-completeness; P versus NP; 
game trees; intractability. 

 
 

​​I.   INTRODUCTION 

  Combinatorial game theory and computational 
complexity intersect most sharply in the study of 
two-player, perfect-information games. Chess has 
historically served as the paradigmatic testbed for this 
intersection, beginning with Shannon's seminal estimate 
of the game-tree size of chess and continuing through the 
formal complexity results of the early 1980s. The central 
question is not merely “how” a machine plays chess, but 
“how hard” it is, in the asymptotic and worst-case sense, 
to decide the game-theoretic value of an arbitrary 

position. 

    Fischer Random Chess, also known as Chess960, was 
introduced by World Champion Bobby Fischer in 1996 as 
a variant intended to neutralize the role of memorized 
opening theory. The variant retains the  board, the 
standard piece inventory, and the full ruleset of orthodox 
chess: movement, capture, check, checkmate, stalemate, 
en passant, promotion, and a generalized castling rule. Its 
sole structural departure is that the eight back-rank pieces 
are placed according to one of 960 legal randomized 
starting arrangements, subject to two constraints: the two 
bishops must occupy squares of opposite color, and the 
king must be positioned strictly between the two rooks (to 
preserve the legality of castling on both sides). 

    The transition from classical chess to Chess960 is 
therefore a transition in initial conditions rather than in 
dynamics. This distinction is decisive for complexity 
analysis. A natural and frequently posed question is 
whether the additional combinatorial richness of 960 
starting positions renders Chess960 "harder" than 
classical chess in any rigorous computational sense. We 
argue that the answer, properly formalized, is negative in 
the asymptotic regime: the randomization is a 
constant-factor perturbation of the input distribution and 
is provably irrelevant to the worst-case decision 
complexity once the game is generalized to an  
board. 

    The motivation for this study is threefold. First, 
classical (orthodox)  chess is, strictly speaking, a 
finite game: the number of legal positions is bounded by a 
(large) constant, and consequently the decision problem is 
trivially in  (indeed in ) by table lookup. 
Meaningful complexity analysis therefore requires 
generalization to an  board, where the input size 
scales and asymptotic notions become well-defined. 
Second, the popular framing of game intractability in 
terms of  and  is, for chess-like games, 
insufficient, this is because such games escape  and 
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reside in the strictly larger class . 
Clarifying why the /  dichotomy is the wrong lens 
and what the correct classification is in itself a 
pedagogically valuable contribution. Third, no prior 
treatment has explicitly verified that the Chess960 
starting-position constraint preserves the known hardness 
results of orthodox generalized chess. 

The specific objectives of this paper are: 

1. To review the theoretical foundations of game-tree 
search, state-space graphs, and the complexity classes , 

, , and . 

2. To formalize the generalized Fischer Random Chess 
decision problem  over an  
board. 

3. To establish, by transfer of the Fraenkel-Lichtenstein 
reduction, that  is 
-complete, and to delineate the polynomially-bounded 

 variant. 

4. To quantify the combinatorial multiplicity of legal start 
arrays and the branching/state-space growth via an 
explicit computational framework. 

5. To classify the problem relative to  and , and to 
discuss the practical and theoretical implications of this 
classification. 

This study aims to provide a precise, rigorous account of 
where Fischer Random Chess sits in the complexity 
landscape, correcting the common but imprecise intuition 
that its randomized openings make it computationally 
novel. 

 

​​II.  THEORETICAL BACKGROUND 
    This section develops the formal machinery required 
for the classification: the game-tree and state-space 
models, the relevant complexity classes, and the precise 
specification of the Fischer Random Chess ruleset and its 
decision problem. 
 
A. Game Trees and State-Space Graphs 
    A two-player, perfect-information, zero-sum game with 
no chance elements can be modeled as a directed graph 

, the state-space graph, where each vertex 
 encodes a complete game configuration (board 

position, side to move, and any auxiliary state such as 
castling rights and en passant targets), and each directed 
edge  corresponds to a single legal move 
transforming  into . A distinguished partition assigns 
each non-terminal vertex to the player whose turn it is to 

move; terminal vertices are labeled with one of 
 for the player to move. 

 
    The game tree is the unrolling of  from a given root: 
a node may appear multiple times along distinct move 
sequences (transpositions), so  may vastly exceed 

. Two quantities characterize search difficulty: 
●​ The branching factor , the average out-degree 

(number of legal moves per position) 
●​ The search depth , the length of play measured 

in plies. 
 
The number of leaves in a game tree of uniform branching 
factor  and depth  is 
 

 
 
the canonical exponential blow-up underlying the 
intractability of game-tree evaluation. For chess, 
empirical estimates place  and the effective game 
length at  plies, yielding the Shannon number 

 for the game-tree complexity. 
 
    The game-theoretic value of a position is computed by 
the minimax principle, equivalently expressed as a 
least-fixed-point labeling of the state-space graph: a 

 node for the mover is one possessing at least one 
successor that is a  for the opponent; a  
node is one all of whose successors are  for the 
opponent. This is an alternating reachability (AND/OR 
graph) problem, which is the formal heart of the 
complexity analysis below. 
 
B. Algorithmic Efficiency and Complexity Classes 
(P, NP, PSPACE, EXPTIME) 
    Algorithmic efficiency is measured asymptotically via 
Big-  notation, describing the growth of resource 
consumption (time or space) as a function of input size . 
We recall the four classes relevant to game complexity, 
defined over deterministic and nondeterministic Turing 
machines: 
 

: decision problems solvable by a deterministic Turing 

machine in time  for some constant  
(polynomial time). 
 

: problems whose yes-instances admit a certificate 
verifiable in deterministic polynomial time; equivalently, 
solvable in nondeterministic polynomial time. 
 

: problems solvable using  space, 
with no a priori bound on time. 
 

: problems solvable in deterministic time 
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 for some constant . 
 
 
The known containment chain is 
 

 
 
Two facts are essential.  
First, by the Time Hierarchy Theorem 
(Hartmanis-Stearns), the separation 
 

  
 
is unconditional and proven. There exist problems 
decidable in exponential time but not in any polynomial 
time. Consequently at least one inclusion in the chain 
above is strict.  
Second, a problem that is -complete 
(hard for  under polynomial-time 
many-one reductions, and a member of ) 
cannot lie in , if it did, then , 
contradicting the hierarchy theorem.  
This gives an absolute, unconditional intractability result. 
Which is a rarity, since most hardness statements (
-hardness in particular) are conditional on . 
 
   A subtle corollary concerns : if an 

-complete problem belonged to , 
then , 
forcing . Such a collapse would 
imply  (since ) and is 
universally conjectured to be false. Thus an 

-complete problem is, under standard 
conjectures, strictly beyond . 
 
C. Two-Player Games and the Source of Exponential 
Time 
  For single-player puzzles, bounded-length solvability 
typically lands in  (guess a solution, verify it) or, for 
space-bounded reachability, in . Two-player 
games are fundamentally harder because the adversarial 
alternation of quantifiers (  a move for me such that  
moves for the opponent…) cannot be discharged by a 
single polynomial certificate. 
 
    The location of a game within  versus 

 is governed by game length: 
If play is guaranteed to terminate within a polynomial 
number of moves, the alternating quantifier prefix has 
polynomial length and the game value is computable in 
polynomial space; such games are typically 
-complete. 
If play may last an exponential number of moves (relative 
to board size ), polynomial space is insufficient to track 
the position-repetition history needed to adjudicate draws, 

and the natural classification rises to . 
 
    Generalized chess belongs to the latter regime: without 
a polynomially-bounded "no-progress" rule, positions on 
an  board admit play of length exponential in 
, and the problem becomes -complete. 
This dependence on the move-limit rule is central to the 
analysis of Fischer Random Chess. 

 
D. The Fischer Random Chess Ruleset 
    Fischer Random Chess is defined by the following 
specification, which we will then generalize. 
 

 

Fig 1. 1 of 960 possible starting setups in fischer-random chess​
Source: WatchProSite 

Board and inventory. Standard play uses an  
board. Each side has the orthodox inventory: eight pawns 
on the second rank, and a back rank consisting of 

 (one king, one queen, two 
rooks, two bishops, two knights). 
 
Starting-array constraints. The back rank is one of the 
legal arrangements satisfying: 

●​ Opposite-color bishops: the two bishops occupy 
squares of opposite color (one on a light square, 
one on a dark square). 

●​ King between rooks: the king is placed strictly 
between the two rooks, so that both queenside 
and kingside castling are well-defined. 

 
White's array is mirrored exactly by Black. Counting the 
arrangements satisfying these constraints yields 
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hence the name Chess960. 
 
Dynamics. All other rules such as legal moves, captures, 
check, checkmate, stalemate, en passant, pawn promotion, 
threefold repetition, the fifty-move rule, and a 
position-independent generalized castling are identical to 
orthodox chess. 

 
E. Formal Problem Statement 
 
    For complexity analysis we generalize to an  
board, with a piece inventory scaled to  pieces per 
side preserving the structural role of king, rooks, bishops, 
and sliding/leaping pieces, and with the fifty-move and 
repetition rules generalized appropriately (or omitted, 
defining the unbounded variant). We define: 
 
   . Instance: a legal Fischer-Random 
position  on an  board, encoded in 

 bits, together with a designated side to 
move. Question: does the side to move have a forced win 
(a winning strategy) from ? 
 
We also define the bounded variant 

, identical except that a draw is 
declared after a fixed polynomial  moves without 
capture or pawn advance. 
 
The crucial observation, developed in Section III, is that 
the instance of  is an arbitrary legal 
position, not a game played from a Chess960 starting 
array. The starting-array constraints (II-D) restrict only 
the roots of complete games, not the universe of positions 
over which the decision problem ranges. 
 
 

​​III.   METHODOLOGY 
    This section establishes the classification of 

. We proceed in three steps: (A) 
membership in  by retrograde analysis; 
(B) -hardness by transfer of the 
Fraenkel-Lichtenstein reduction, with explicit justification 
of why the Chess960 starting constraint is 
complexity-invariant; and (C) a computational 
framework, implemented in Python, for quantifying 
branching, start-array multiplicity, and state-space growth. 
 
A. Upper Bound: Membership in EXPTIME 
    Fix the board size . A position is a labeling of  
squares by one of a constant number  of piece types 
(including "empty"), together with  bits of 

auxiliary state. Hence the number of distinct positions 
satisfies 
 

 
 
which is exponential in the input length 

. 
 
The game value of every vertex is computed by retrograde 
analysis (backward induction over the finite state-space 
graph): terminal positions are labeled directly; 
non-terminal labels are propagated by the AND/OR 
fixpoint of Section II-A. Positions admitting only 
repetition are adjudicated as drawn by the finite-graph 
cycle structure. The fixpoint converges in a number of 
passes bounded by , each pass costing 
, for total time 
 

 
 
This is deterministic exponential time, so 

. The same 
argument places  in 

, since the bounded game tree has 
polynomial depth  and can be evaluated by a 

recursive minimax using only  space 
along a single root-to-leaf path. 
 
B. Lower Bound: EXPTIME-Hardness and 
Complexity-Invariance of Randomization 
    Fraenkel and Lichtenstein established that generalized 
orthodox chess on an  board is 
-hard, by a polynomial-time reduction from a known 

-complete formula game. Their reduction 
constructs, from an arbitrary instance of the source game, 
a board position  in which White has a forced win if 
and only if the source instance is a yes-instance. The 
constructed positions consist of interlocking gadgets such 
as pawn channels, blocking walls, and attack/defense 
structures in which all are built directly on the  
grid. 
 
We now argue that this hardness transfers verbatim to 

. 
 
Lemma (Complexity-Invariance of Start 
Randomization). The decision problems  
(orthodox generalized chess) and  
are polynomial-time equivalent. 
 
Argument. The two variants differ only in the set of 
admissible starting arrays (Section II-D). However, the 
inputs to both decision problems are arbitrary legal 
positions, and the transition relation  (the legal-move 
function) is identical in both variants. Chess960 inherits 
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the orthodox move rules without exception. Consequently 
the state-space graphs  and  coincide on the 
set of all positions reachable by legal moves from any 
position; in particular they assign identical game-theoretic 
values to every position  that is a valid instance of 
either problem. 
 
    The Fraenkel-Lichtenstein gadget positions  are 
valid legal positions under the orthodox move rules, and 
therefore are equally valid instances of 

: the evaluation of a position never 
consults the starting array from which a hypothetical 
game began, only the position itself and the (shared) 
move rules. The reduction  is computable in 
polynomial time and is unchanged. Hence 

 
  
 

establishing a polynomial-time many-one reduction from 
the -complete source game to 

.  
 
    The only place where the starting-array constraint could 
conceivably matter is if some hardness instances were 
required to be reachable from a legal Chess960 opening. 
It is not the decision problem that is defined over arbitrary 
legal positions, exactly as in the orthodox case. One may 
further observe that the generalized castling rule of 
Chess960 is more permissive in its set of legal king/rook 
initial files, so any orthodox reduction position is also 
realizable; the randomization strictly broadens, never 
narrows, the admissible root configurations, and root 
configurations are irrelevant to position evaluation in any 
case. 
 
Combining (A) and (B): 
 
Theorem.  is 
-complete. The polynomially move-bounded variant 

 is -complete. 
The -completeness of the bounded variant 
follows analogously: membership by the space-bounded 
minimax above, and hardness from 
-complete bounded two-player games (e.g., quantified 
Boolean games) reducible into bounded generalized 
chess.​
 
C. Computational Framework 
   The following Python framework computes the three 
quantities cited throughout the paper:  
 
(i) the exact count of legal Chess960 start arrays by 
exhaustive enumeration over distinct back-rank 
permutations;  

 

Fig 2. Exact enumeration of legal Chess960 starting arrays (N = 8). 
(Constraints) bishops on opposite-color squares; king between rooks.​

Source: Author 

(ii) a structural lower bound on the multiplicity of 
generalized -file arrays, demonstrating 
super-polynomial growth; and  

 

Fig 3. Structural lower bound on legal arrays for an N-file back rank.​
Source: Author 

(iii) the game-tree size  and the exponential 
state-space bound  used in Section III-A. 

 

Fig 4. Game-tree and state-space growth.​
Source: Author 

    The enumeration in (i) returns exactly 960, confirming 
the closed-form derivation of Section II-D. Routine (ii) 
exhibits the super-polynomial growth of the legal-array 

count with  (it is  from these two 
structural constraints alone, before accounting for the 
remaining  pieces), establishing that the 
randomization space is large but combinatorial and, per 
Section III-B, irrelevant to the worst-case decision 
complexity. Routine (iii) recovers the Shannon estimate 

 and the exponential state-space bound 
 underlying  membership. 
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​​IV.   RESULTS AND DISCUSSION 
​​ This section presents the results of the 
complexity-theoretic classification of Fischer Random 
Chess (Chess960), juxtaposed with classical chess under 
both finite and asymptotic regimes. The results are 
summarized through comparative metrics including 
state-space bounds, branching factors, and game-tree 
complexity, as well as formal classifications within 
standard complexity classes. These findings are 
subsequently analyzed to assess whether input 
randomization via multiple legal starting configurations 
affects worst-case computational hardness.  
​​   The discussion further situates the results within the 
broader hierarchy of complexity classes, emphasizing the 
limitations of  and  in capturing the intrinsic 
difficulty of generalized chess-like decision problems, and 
highlighting their relationship to  and 

. 
​​ 
A. Presentation of Results 
​​    The classification established in Section III is 
summarized against classical (orthodox) chess in the table 
below. The comparison isolates the two regimes between 
the fixed  board (finite, hence in  trivially) and 
the generalized  board (where asymptotic 
classification is meaningful). 
​​ 

Property Classical 
Chess 

Fischer Random 
Chess (Chess960) 

Legal starting 
arrays 

  

Start-array 
count,  files 
(lower bound) 

 (fixed) 
 

Board 
generalization 

  

Average 
branching 
factor  

  
(asymptotically 
identical) 

Legal 
positions (

, order 
of magnitude) 

  
(superset) 

Game-tree 
complexity 
(Shannon) 

  
(same order) 

State-space 
bound (

) 

  

  (trivially  (trivially 

decision 
problem 

) ) 

, 
unbounded 
moves 

-complete -complete 

, 
poly. move 
bound 

-complete -complete 

In ? No 
(unconditionall
y) 

No 
(unconditionally) 

In ? Only if 
 

= 
 

Only if 
 

= 
 

​​Table 1. Comparative complexity profile of classical chess versus 
Fischer Random Chess. 

 

 

​​Fig 5. State-space growth comparison between classical chess and 
chess960​

Source: Author 

​​  
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​​Fig 6. Complexity-class containment diagram comparison between 
classical chess and chess960​

Source: Author 

​​  

​​Fig 7. Legal start-array multiplicity comparison between classical chess 
and chess960​

Source: Author 

​​ 

B. Analysis and Interpretation 
​​Complexity-invariance of randomization. The headline 
result is the equality of the asymptotic complexity profiles 
in Table 1. Every entry in the generalized regime is 
identical between the two variants. This formalizes the 
intuition that Chess960's novelty is strategic and 
human-cognitive. This is because it defeats memorized 
opening preparation, rather than computational. The 
randomization perturbs the input distribution by a 
bounded multiplicative factor (at most  for , 
super-polynomial but still combinatorial for ), 
and a multiplicative perturbation of the root distribution 
cannot alter a worst-case classification defined over 
arbitrary positions. The Lemma of Section III-B is the 
precise statement of this fact. 
​​ 
​​Why /  is the wrong dichotomy. The paper's title 
frames the classification "using  and ," and the 
principal analytical finding is that these classes are 
insufficient to capture the problem, a negative result that 
is itself informative. Because  is 

-complete, the Time Hierarchy Theorem 
furnishes an unconditional proof that it is not in . This 
is stronger than typical -hardness arguments, which 
establish intractability only conditionally on the unproven 
conjecture . Here, no conjecture is required: 
generalized Fischer Random Chess is provably 
intractable. 
​​ 
​​Regarding : a forced-win certificate for a two-player 
game would, naively, be a winning strategy. But a strategy 
is a function from positions to moves whose explicit 
description may be exponential in size, and whose 
verification requires checking the AND-branch over all 

opponent replies. This is not verifiable by inspecting a 
single polynomial-size witness. This is the structural 
reason on why chess-like games escape . Formally, 
membership of  in  would 
force  (Section II-B), collapsing 
the hierarchy in a manner that also implies  
and contradicts the consensus conjecture 

. We therefore 
classify the problem as lying strictly beyond  under 
standard assumptions. 
​​ 
​​The role of the move-limit rule. The split between 

 and  in Table 1 is 
governed entirely by whether game length is bounded by 
a polynomial in . Orthodox chess on  enforces 
the fifty-move rule, which bounds play; this is what 
makes the finite game trivially decidable. Under a 
polynomial generalization of the fifty-move rule, 
generalized Chess960 is -complete; under 
no such bound (allowing exponential-length play with 
draw-by-repetition), it is -complete. This 
sensitivity is not an artifact of Chess960. It is inherited 
identically from orthodox chess and underscores again 
that the randomization plays no role. 
​​ 
​​Practical implications. For engine designers the result 
confirms that worst-case optimal play in Chess960 is no 
more (and no less) tractable than in classical chess; the 
same heuristic apparatus such as -  pruning, 
transposition tables, and evaluation functions applies 
without asymptotic penalty. The practical degradation of 
opening books (which collapse from a single deep tree to 

 shallow ones) is an engineering and memory 
consideration, not a complexity-theoretic one. For 
theoretical computer science the result is a clean instance 
of complexity-invariance under input randomization: a 
reminder that worst-case classification is insensitive to 
perturbations of the instance distribution that preserve the 
underlying transition system. 
​​ 
C. Comparison and Trade-offs 
​​ 

Criterion Classical 
Chess 

Fischer 
Random Chess 

Worst-case 
decision 
complexity (

) 

-complete -complete 
(identical) 

Provable 
non-membership 
in  

Yes Yes 

Opening-theory 
tractability 

High (deep 
memorization) 

Low (  
roots; intended 
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(human/engine) design goal) 

State-space 
constant factor 

Baseline Up to  
(asymptotically 
negligible) 

Castling-rule 
encoding 
complexity 

Simple (fixed 
files) 

Generalized 
(variable 
king/rook files) 

Suitability as a 
complexity 
benchmark 

Standard Equivalent; no 
added 
asymptotic 
value 

​​Table 2. Trade-offs between classical and Fischer Random Chess.  

​​   The castling-rule row deserves comment: Chess960's 
generalized castling, in which the king and rooks may 
begin on a range of files, complicates the encoding of 
legal moves by a constant factor but does not affect the 
size of the move set asymptotically and hence leaves 

 per square unchanged. 
 
 

​​V.   CONCLUSION 
    This study has provided a rigorous 
complexity-theoretic classification of Fischer Random 
Chess (Chess960) relative to the canonical classes , 

, , and . We 
formalized the generalized  decision problem 

 and established, via a transfer of the 
Fraenkel-Lichtenstein reduction together with an explicit 
complexity-invariance lemma, that the problem is 

-complete, with its polynomially 
move-bounded variant being -complete. 
 
    The central conclusions are threefold. First, the 
randomization of the starting array (the defining feature of 
Chess960) is complexity-invariant. This is because the 
decision problem ranges over arbitrary legal positions and 
inherits the orthodox move rules, the -fold (more 
generally, super-polynomial) multiplicity of legal 
openings leaves every asymptotic quantity unchanged. 
Fischer Random Chess is exactly as hard as classical 
chess in the worst case. Second, the /  dichotomy 
is the wrong lens for this problem: 
-completeness places it provably and unconditionally 
outside  (by the Time Hierarchy Theorem) and, under 
the universally held conjecture , 
strictly beyond . The intractability of generalized 
Fischer Random Chess is thus not contingent on the 
resolution of  versus , it is a theorem. Third, the 
boundary between  and  is 
dictated solely by the polynomial boundedness of game 
length, a property inherited identically from orthodox 

chess. 
 
    The final classification is unambiguous: generalized 
Fischer Random Chess is an -complete 
problem, a provably intractable two-player game whose 
computational hardness is identical to that of classical 
chess and entirely independent of its randomized initial 
conditions. 
 
 

​​VI.   APPENDIX 

​​A. Graphing Implementation 
​​     This appendix presents the implementation details 
used to generate the three analytical graphs discussed in 
Section IV. The code includes procedures for computing 
asymptotic state-space growth, constructing 
complexity-class hierarchy diagrams, and evaluating the 
growth of legal starting configurations for both classical 
chess and Fischer Random Chess (Chess960). 
​​ 
​​    The first component implements the computation of 
state-space size as a function of board dimension , 
based on the asymptotic bound . The resulting 
values are transformed using  scaling to produce a 
comparative visualization of growth rates. Both classical 
chess and Chess960 share identical asymptotic behavior, 
resulting in overlapping curves proportional to 

. 
​​ 
​​     The second component generates a schematic 
representation of the complexity-class containment 
hierarchy, illustrating the inclusions 

. The 
implementation encodes the relative positions of decision 
problems, marking  as 

-complete and  
as -complete, thereby visually situating 
them within the hierarchy. 
​​ 
​​     The third component evaluates the number of legal 
starting configurations as a function of board size . For 
classical chess, this value remains constant at , while for 
Chess960 it follows a combinatorial lower bound of 

.  
​​The implementation computes these values across a range 
of  and visualizes the resulting super-polynomial 
growth. 
​​ 
import math 
import matplotlib.pyplot as plt 
import matplotlib.patches as patches 
import numpy as np 
 
plt.rcParams.update({ 
    "font.family": "serif", 
    "font.size": 11, 
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    "axes.edgecolor": "#333333", 
    "axes.linewidth": 0.8, 
}) 
 
#-------------------------------------------------------------------- 
# 1st Component 
#------------------------------------------------------------------- 
def state_space_bound(N, piece_types=13): 
    return (N * N) * math.log10(piece_types) 
 
Ns = np.arange(4, 33, 2) 
classical_log10 = [state_space_bound(N) for N in Ns] 
# Chess960 differs only by the constant multiplicative 
factor of legal start 
# arrays (<=960 for N=8, super-polynomial but still 
combinatorial for larger N); 
# on a log10 scale of an exponential-in-N^2 quantity this 
shift is negligible. 
chess960_log10 = [state_space_bound(N) + 
math.log10(960) for N in Ns] 
 
fig, ax = plt.subplots(figsize=(7, 5)) 
ax.plot(Ns, classical_log10, marker="o", 
color="#1f4e79", linewidth=2, 
        label="Classical Chess") 
ax.plot(Ns, chess960_log10, marker="s", 
color="#c0392b", linewidth=2, 
        linestyle="--", label="Fischer Random Chess 
(Chess960)") 
ax.set_xlabel("Board dimension $N$") 
ax.set_ylabel(r"$\log_{10}$(number of legal positions)") 
ax.set_title("State-Space Growth: Classical Chess vs. 
Chess960\n" 
              r"(both $\sim N^2 \cdot \log_{10} c$; curves 
effectively coincide)") 
ax.legend(loc="upper left") 
ax.grid(True, alpha=0.3) 
fig.tight_layout() 
fig.savefig("/home/claude/graph1_state_space_growth.pn
g", dpi=200) 
plt.close(fig) 
 
#-------------------------------------------------------------------- 
# 2nd Component 
#------------------------------------------------------------------- 
fig, ax = plt.subplots(figsize=(7.5, 6.5)) 
 
# Nested ellipses, largest first (EXPTIME) down to 
smallest (P) 
ellipses = [ 
    {"label": "EXPTIME", "w": 7.4, "h": 6.2, "color": 
"#fdebd0", "edge": "#d35400"}, 
    {"label": "PSPACE",  "w": 5.6, "h": 4.7, "color": 
"#fcf3cf", "edge": "#b7950b"}, 
    {"label": "NP",      "w": 3.8, "h": 3.2, "color": 
"#d4efdf", "edge": "#1e8449"}, 
    {"label": "P",       "w": 2.0, "h": 1.6, "color": "#d6eaf8", 
"edge": "#1f618d"}, 
] 
 
cx, cy = 0, -0.3 

for e in ellipses: 
    ell = patches.Ellipse((cx, cy), width=e["w"], 
height=e["h"], 
                           facecolor=e["color"], 
edgecolor=e["edge"], 
                           linewidth=2, zorder=1) 
    ax.add_patch(ell) 
 
# Class labels, placed near each ellipse's upper edge 
label_positions = { 
    "EXPTIME": (0, 2.85), 
    "PSPACE": (0, 2.05), 
    "NP": (0, 1.25), 
    "P": (0, 0.45), 
} 
for e in ellipses: 
    x, y = label_positions[e["label"]] 
    ax.text(x, y, e["label"], ha="center", va="center", 
            fontsize=13, fontweight="bold", color=e["edge"], 
zorder=3) 
 
# Mark Chess960-Win on the outer boundary 
(EXPTIME-complete) 
ax.scatter([2.95], [-0.3], s=90, color="#d35400", 
edgecolor="black", 
           zorder=4, marker="*") 
ax.annotate("Chess960-Win\n(EXPTIME-complete)", 
            xy=(2.95, -0.3), xytext=(4.6, -1.4), 
            fontsize=10, ha="left", color="#d35400", 
            arrowprops=dict(arrowstyle="->", 
color="#d35400", lw=1.3)) 
 
# Mark Chess960-Win_poly on the PSPACE boundary 
ax.scatter([0], [-3.05], s=90, color="#b7950b", 
edgecolor="black", 
           zorder=4, marker="D") 
ax.annotate("Chess960-Win_poly\n(PSPACE-complete)", 
            xy=(0, -3.05), xytext=(-4.4, -3.7), 
            fontsize=10, ha="left", color="#b7950b", 
            arrowprops=dict(arrowstyle="->", 
color="#b7950b", lw=1.3)) 
 
ax.set_xlim(-5, 6) 
ax.set_ylim(-5, 3.6) 
ax.set_aspect("equal") 
ax.axis("off") 
ax.set_title(r"Complexity-Class Containment: $P 
\subseteq NP \subseteq PSPACE \subseteq EXPTIME$", 
             fontsize=12, pad=10) 
fig.tight_layout() 
fig.savefig("/home/claude/graph2_complexity_containme
nt.png", dpi=200) 
plt.close(fig) 
 
#-------------------------------------------------------------------- 
# 3rd Component 
#-------------------------------------------------------------------- 
def array_lower_bound(N): 
    assert N % 2 == 0 
    bishops = (N // 2) ** 2 
    rk_structures = math.comb(N - 2, 3) 
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    return bishops * rk_structures 
 
Ns2 = np.arange(6, 33, 2) 
classical_counts = [1 for _ in Ns2] 
chess960_counts = [array_lower_bound(N) for N in Ns2] 
 
fig, ax = plt.subplots(figsize=(7, 5)) 
ax.semilogy(Ns2, classical_counts, marker="o", 
color="#1f4e79", linewidth=2, 
            label="Classical Chess (constant = 1)") 
ax.semilogy(Ns2, chess960_counts, marker="s", 
color="#c0392b", linewidth=2, 
            linestyle="--", label="Chess960 (super-polynomial 
lower bound)") 
 
# Highlight N=8 -> 960 
idx8 = list(Ns2).index(8) 
ax.scatter([8], [chess960_counts[idx8]], color="#c0392b", 
zorder=5, s=70) 
ax.annotate(f"N=8: {chess960_counts[idx8]:,}", 
            xy=(8, chess960_counts[idx8]), 
            xytext=(9.5, chess960_counts[idx8] * 0.15), 
            fontsize=9, color="#c0392b", 
            arrowprops=dict(arrowstyle="->", 
color="#c0392b", lw=1)) 
 
ax.set_xlabel("Board dimension $N$ (number of 
back-rank files)") 
ax.set_ylabel("Legal start-array count (log scale)") 
ax.set_title("Legal Start-Array Multiplicity vs. $N$\n" 
              r"Classical Chess vs. Chess960 lower bound 
$\Theta\!\left((N/2)^2\binom{N-2}{3}\right)$") 
ax.legend(loc="upper left") 
ax.grid(True, which="both", alpha=0.3) 
fig.tight_layout() 
fig.savefig("/home/claude/graph3_start_array_multiplicity
.png", dpi=200) 
plt.close(fig) 
 
print("Done.") 
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