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Abstract—Matrix decomposition, as the name suggests, is a
method or process of breaking down a matrix into several simpler
matrices. It is often used to simplify computations in various
applications, one of which is solving linier systems. Examples of
commonly used matrix decomposition methods include LU
decomposition and QR decomposition. This paper provides a
comparative analysis of LU and QR decomposition techniques for
solving linier systems, focusing on their computational efficiency
and numerical accuracy
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I. INTRODUCTION

Solving linear systems is crucial in many fields due to its
wide-ranging applications. For instance, in computer science,
linear systems are integral to algorithms used in search engines,
data mining, and machine learning, where solving large-scale
systems is essential for processing and analyzing data
efficiently.

Linear systems can be solved using various methods, one of
which involves matrix decomposition. Among the numerous
decomposition techniques, two of the most widely used are LU
decomposition and QR decomposition.

This research paper aims to perform a comparative analysis
of LU and QR decomposition methods for solving linear
systems, with a focus on their computational efficiency and
numerical accuracy.

II. THEORETICAL BASIS

A. Linier Equations

A linier equation is an equation in which the highest power of
avariable is 1. The standard form of a linier equation is Ax = B,
here X is a variable, and A is a coefficient and B is constant.

B. Linier Systems

A linier system is a system made of two of more linier
equations. The picture below is a linier system made of n
number of variables starting from x; to x, and m number of
equations.

Ay X A% + .. +a X, = by
ay1X; + 355X, + ...+ 3, X, = b,
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An1X; taX, +.+a X, =b

Fig. 2.1 Linier System
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet

ri/2023-2024/Algeo-03-Sistem-Persamaan-Linier-2023.pdf
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Fig. 2.2 Linier System in Matrix form
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet

ri/2023-2024/Algeo-03-Sistem-Persamaan-Linier-2023.pdf
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Fig. 2.3 Linier System as Multiplication of Matrices
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Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet
ri/2023-2024/Algeo-03-Sistem-Persamaan-Linier-2023.pdf

Fig. 2.6 Example of LU Decomposition Using Gauss
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet

A system of linier equation can be represented in the form of
a matrix. As shown in the figures above, the same system of
linier equation can be expressed as a matrix and can also be
interpreted as a multiplication of matrices.

C. Matrix Decomposition

Matrix decomposition is the process of factorizing a matrix
into the product of two or more simpler matrices. Some key
types of matrix decomposition are LU decomposition, QR
decomposition, and Singular Value Decomposition.

D. LU Decomposition
LU decomposition factorizes a matrix into the product of a
lower triangular matrix L and an upper triangular matrix U.

A=LU
an a2 a3z ... din 1 0 0 .0 un Uiz M3 ... Uin
an ax» dxs ... dw b 1 0 .0 0 ux wxn ... um
asi az  dz ... e =|b b2 1 .0 0 0 w3 ... usn
Gnl Gm A3 ... Gm AT N R | 0 0 0 ... tm

L = matriks segitiga bawah (lower triangular matrix),
U = matriks segitiga atas (upper triangular matrix)

Fig. 2.4 Matrix as Lower and Upper Matrix
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet
ri/2023-2024/Algeo-23-Dekomposisi-LU-2023.pdf

There are two methods to factorize A into L and U, the first
method is Gauss, and the second method is Crout.

E. LU Decomposition with Gauss

To factorize a matrix into L and U with Gauss there are
several steps.

dan aln apn eee  QIn 1 0 0 0 an dp any ... A
21 a2 a2z ... 0 1 0 ...0 a2 d» dxy ... don
ax axp a3y ... aw| =0 0 1 ..0 as axn  a; ... @
LTI - R % O 00 0 .1 nl A2 @3 - Am

Fig. 2.5 Matrix as Multiplication of Identity and Matrix
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet
ri/2023-2024/Algeo-23-Dekomposisi-LU-2023.pdf

(LU Gauss naif — tidak ada pertukaran baris)

4 3 10 0 2 3 -
4= |2 -4 5 |=1o 0 2 -4 5
12 6 00 1 12 6

Eliminasikan matriks 4 di ruas kanan menjadi matriks segitiga atas U, dan tempatkan
faktor pengali m;; pada posisi /; di matriks I.

4 3 | Re-(UR | 4 30 -
2 4 5 ~ 0 25 45
12 6 | Re(MoR, [0 125 625

Tempatkan mz, = -2/4 =0.5 dan m3= 1/4=0.25 ke dalam matriks L:

1 0 i}
L= |Ls 1 0
0.23 msz 1

ri/2023-2024/Algeo-23-Dekomposisi-LU-2023.pdf

Teruskan proses eliminasi Gauss pada matriks A4,

4 3 - Rs-("P/a9)R, | 4 3 -1
0 25 45 ~ 0 25 45| =U
0 125 625 0 0 8.5

Tempatkan m;3; = 1.25/-2.5 = -0.5 ke dalam matriks L:
1 0 0

L= -0.5 1 0
0.25 F0.3 1

4 3001 1 0 0 4 3 -1
4= 22 -4 5| =[-051 0 0 -25 45
1 26 025 -0.5 1 0 0 8.5

Fig. 2.7 Example of LU Decomposition Using Gauss
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet
ri/2023-2024/Algeo-23-Dekomposisi-LU-2023.pdf

Jadi,

The first step in LU decomposition is to represent matrix A as
IA, then use Gauss elimination on matrix A until it becomes
upper matrix U. The multiplication factor m;; is placed in
position [;; inside the lower matrix L. After the whole Gauss
elimination is done the identity matrix will turn into matrix L
and matrix A will turn into matrix U.

F. LU Decomposition with Crout

Another way of solving LU decomposition is using the Crout
method.

ap di2 dp 1 0 0 Uy U U3
A= aa d [75k} L= lrg| 1 0 U= 0 22 U3
a3 an  am By Byl 0 0 u33

Karena LU = 4, maka hasil perkalian L dan U itu dapat ditulis sebagai

upn up2 u3 apn a2 ap;
LU= [ huy b +un  banstun =A=|ay an an
Luny  Bauna + Bauzy By + houns + us asy  ax  an

Dari kesamaan dua buah matriks LU = 4, diperoleh

un = an, up=dp, U=das }  Baris pertama U
a
by = an — = 22
uy,
i Kolom pertama L
Ly = ay —» L = 3L
uy,
by tun = an - un= an-hbun } Baris kedua U
iyt = an —  un= an-bups
a;, — Il u
32 31712
Lty + oy, = ap = = ————= Kolom kedua L
Usy

By + hotas ~uss =am = upz=as - (buns + has) o Baris
ketiga U

Fig. 2.8 Example of LU Decomposition Using Crout
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ri/2023-2024/Algeo-23-Dekomposisi-LU-2023.pdf

Solving using the Crout method follows a pattern, first is
finding the first row of the upper matrix U, then finding the first
column of the lower matrix L, then finding the second row of
the upper matrix U and so on. The following general equation is
used to find the elements for upper matrix U and lower matrix
L.

p-1
Upj = Qpj - 2 i U,
k=1

Fig. 2.9 General Equation for Upper Matix in Crout
Source:
https://informatika.stei.ith.ac.id/~rinaldi.munir/AljabarGeomet
ri/2023-2024/Algeo-23-Dekomposisi-L U-2023.pdf

p=123 ...n
j=p.ptl,....n

g-I
afrz_zlﬁr“frq g=1,2,3, ..., n-1
lig= f:' , i=qtl,q+2,....,n
99 dengan syarat u,, # 0

Fig. 2.10 General Equation for Lower Matix in Crout
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet
ri/2023-2024/Algeo-23-Dekomposisi-LU-2023.pdf

F. Solving Linier Systems with LU Decomposition

To solve a linier system Ax = B, matrix A is first
decomposed into L and U matrices. Once A has been
decomposed, it can be replaced by LU in the equation, resulting
in LUx = B. This can be solved in two steps. Solve Ly = B for
y where y is LU, then solve Ux = y for x.

1 0 0 .0 ¥ b]
L}’=b _> !rg| 1 0 ... 0 Y2 | = .IElz
!rnl frnl frn3 v |1 Vn b!r

Fig. 2.11 Ly = B Matrix
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeomet
ri/2023-2024/Algeo-23-Dekomposisi-L U-2023.pdf

upp w2 W3 ... Ul X i
Ux=y — 0 wn uxp - Hay X2 =1 ¥
0O 0 0 U X Vn

Fig. 2.12 Ux =y Matrix

ri/2023-2024/Algeo-23-Dekomposisi-LU-2023.pdf

G. QR Decomposition

QR decomposition factorizes a matrix into the product of a
orthonormal matrix Q and an upper triangular matrix R. QR
decomposition involves the Gram-Schmidt method.

A= ai

as an
Fig. 2.13 Matrix A
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeometr
1/2024-2025/Algeo-23b-Dekomposisi-QR-2024.pdf

uy

uy = ai, e1 =7,
[y |
12
U = ag—(ag-eq)eq, 6y = .
[us|
Ug+1
Uil = Apyp — (Apg1-€1)e] — -+ — (Ag4q - €)€g, €py] = ——

[[agt1])
Fig. 2.14 General Equation for QR Decomposition
Source:
https://informatika.stei.ith.ac.id/~rinaldi.munir/AljabarGeometr
i/2024-2025/Algeo-23b-Dekomposisi-QR-2024.pdf

Columns in matrix A are labeled as a, to a,, which is then used
to find orthonormal vectors for matrix Q.

aj-e; ag-e; --- ap-eg
0 ag-ey -+ Ap-€
1:[\1 a “n]:[ol‘(‘: : |f‘:] L .| =QR
0 (’D 1 .(,
’ ’ | ’ ‘ | e -a e -a, € ‘a,
a, a, a — e e e 0 e, -a, € a,
. R | R e
Orthogonal Upper Diagonal
Unit vectors Matrix
Fig. 2.15 QR Decomposition
Source:

https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeometr
1/2024-2025/Algeo-23b-Dekomposisi-QR-2024.pdf

Upper matrix R follows the general equation e,, . a,, where n
is the current row and m is the current columnand m > n .

H. Solving Linier Systems with QR Decomposition
To solve a linier system Ax = B,
1. Matrix A is first decomposed into Q and R matrices.
2. Once A has been decomposed, it can be replaced by LU
in the equation, resulting in QRx = B.
3. Multiply both sides with QT
Q"QRx =Q"B
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IRx = Q"B
Rx =Q"B
4. Solve for x.

1 3 1

A [ ! ] 0

Fig. 2.16 Matrix A Example
Source:

https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeometr
i/2024-2025/Algeo-23b-Dekomposisi-QR-2024.pdf

Figure above is matrices used for example of solving linier
systems using QR decomposition.

Q- -2 22| [ —0.707106781186548 0.707106781186548
il 0.707106781186548  0.707106781186548
R= V2 V2 | _ [ 1.414213562373095 1.414213562373095
0o 42 |7 0 5.65685424949238
Fig. 2.17 QR Decomposition
Source:

https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeometr
i/2024-2025/Algeo-23b-Dekomposisi-QR-2024.pdf

Result of QR decomposition of matrix A.

Rx=Q'b
_Vz V2 _¥2
[\/2 v'(2“x1]= 2 2 1]= 2
o wzllnl™ e vllol”| 2
2 2 2

Fig. 2.18 Result System
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeometr
i/2024-2025/Algeo-23b-Dekomposisi-QR-2024.pdf

Final system after following steps 1 to 3.

Lakukan penyulihan mundur:

I

Persamaan baris ke-2: 42 x, = ‘/ZE —> X, :436 =é

Persamaan baris ke-1:  v2 x, +v2x, = —gﬁ)ﬁ =z_8 .

Fig. 2.19 Solving the equation
Source:
https://informatika.stei.itb.ac.id/~rinaldi.munir/AljabarGeometr
i/2024-2025/Algeo-23b-Dekomposisi-QR-2024.pdf

Solve for both variables using backward substitution.

III. METHODOLOGY

A. Code Description
The experiment is done in Python with NumPy and SciPy
libraries for matrix decomposition.
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import numpy as np
from scipy.linalg import lu, gr
import time

# Function to solve linear system using LU decomposition
def solve_with_lu(A, B):
P, L, U=1u(A)
y = np.linalg.solve(L, np.dot(P, B)) # Forward substitution
x = np.linalg.solve(U, y) # Backward substitution
return x

# Function to solve linear system using QR decomposition
def solve_with_gr(A, B):

Q,R=qr(A)

x = np.linalg.solve(R, np.dot(Q.T, B))

return x

# Function to calculate error percentage and accuracy
percentage
def calculate_error_accuracy(x_computed, x_actual):
error_percentage =  (np.linalg.norm(x_computed -
x_actual) / np.linalg.norm(x_actual)) * 100
accuracy_percentage = 100 - error_percentage
return error_percentage, accuracy_percentage

# Function to compare methods with accuracy and stability
def compare_methods_with_accuracy(matrix_size, trials):
lu_times, gr_times =], []
lu_errors, gr_errors =[], []
lu_accuracies, gr_accuracies =[], []

np.random.seed(0) # Ensure reproducibility

for _ in range(trials):
# Generate a random matrix A and solution x_actual
A = np.random.rand(matrix_size, matrix_size)
# Improve conditioning by adding a diagonal matrix
A +=np.eye(matrix_size) * 10
x_actual = np.random.rand(matrix_size)
B = np.dot(A, x_actual) # Generate B to ensure
consistent solution

# Solve using LU decomposition

start_time = time.time()

x_lu = solve_with_lu(A, B)

lu_times.append(time.time() - start_time)

# Calculate error and accuracy for LU

lu_error, lu_accuracy = calculate_error_accuracy(x_lu,
X_actual)

lu_errors.append(lu_error)

lu_accuracies.append(lu_accuracy)

# Solve using QR decomposition

start_time = time.time()

x_qgr = solve_with_qgr(A, B)

gr_times.append(time.time() - start_time)

# Calculate error and accuracy for QR

gr_error, gr_accuracy = calculate_error_accuracy(x_gr,
X_actual)

qgr_errors.append(qr_error)

gr_accuracies.append(qr_accuracy)
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# Compute averages

avg_lu_time = np.mean(lu_times)
avg_gr_time = np.mean(qr_times)
avg_lu_error = np.mean(lu_errors)
avg_qr_error = np.mean(qr_errors)
avg_lu_accuracy = np.mean(lu_accuracies)
avg_qr_accuracy = np.mean(qr_accuracies)

return  avg_lu_time, avg_qr_time, avg_lu_error,
avg_qr_error, avg_lu_accuracy, avg_qr_accuracy

matrix_size = 500
trials = 10
results =
trials)

compare_methods_with_accuracy(matrix_size,

print(f"Matrix Size: {matrix_size}x{matrix_size}, Trials:
{trials}")
print(f"LU Decomposition: Avg Time = {results[0]:.6f}s,
Avg Error = {results[2]:.6f}%, Avg Accuracy =
{results[4]:.6f}%")
print(f"QR Decomposition: Avg Time = {results[1]:.6f}s,
Avg Error = {results[3]:.6f}%, Avg Accuracy =
{results[5]:.6F}%")
There are several functions in the code:

1. solve_with_lu(A, B)

Function to solve matrix Ax = B using LU
decomposition

2. solve_with_qgr(A, B)
Function to solve matrix Ax = B using QR

decomposition.

3. calculate_error_accuracy(x_computed, x_actual)
Function to calculate error and accuracy of the solving
methods.

4. compare_methods_with_accuracy(matrix_size, trials)
Function to compare LU and QR decomposition

B. Experimental Setup

The purpose of this experiment is to compare and observe the
computational time and accuracy of both LU and QR
decomposition in solving linear systems. The variables used in
this experiment are matrix_size and trials, where matrix_size
determines the size of the matrix to be tested, and trials represent
the number of runs or computations of matrices the code
performs. The matrix is generated as a random dense matrix
using np.random.rand(matrix_size, matrix_size).

The metrics measured in the experiment are computational
time and accuracy. Computational time is calculated by taking
the difference between the start time and the time after the
calculations are completed. Accuracy is measured by the
difference between the computed results and the actual results.

IV. RESULTS AND ANALYSIS

Matrix Size: 5@0x50@, Trials: 1€
LU Decomposition: Avg Time = ©.036049s, Avg Error = ©.000000%, Avg Accuracy = 100.000006%

QR Decomposition: Avg Time = 8.858775s, Avg Error = ©.008000%, Avg Accuracy = 160.808000%

Fig. 4.1 Experiment Results 1

Matrix Size: 500x50@, Trials: 1@
LU Decomposition: Avg Time = ©.061627s, Avg Error = ©.000000%, Avg Accuracy = 100.000000%

QR Decomposition: Avg Time = ©.846341s, Avg Error = ©.008000%, Avg Accuracy = 160.808000%

Fig. 4.2 Experiment Results 2

Matrix Size: 5eexsee, Trials: 1@
LU Decomposition: Avg Time = ©.632714s, Avg Error = 29835.187326%, Avg Accuracy = -29735.187326%

QR Decomposition: Avg Time = ©.065895s, Avg Error = 0.000000%, Avg Accuracy = 100.e00000%

Fig. 4.3 Experiment Results 3

A. Computational Time

In the first experiments, LU decomposition had a
comparatively lower computational time. However, in the
second experiment, LU resulted in a longer computational time.
Generally, when solving linear systems, LU is faster than QR
decomposition, but in some cases, LU can lead to longer
computational times. When solving using the Gauss or Crout
method in LU, if the process encounters a row that is empty,
Gauss requires additional time to swap rows, while Crout
requires both row swapping and recalculating from the
beginning. In contrast, QR decomposition maintains a consistent
flow, and thus LU might result in slower computational times
for certain matrices.

B. Numerical Accuracy

In the first and second experiments, both LU and QR
decompositions demonstrated 0% error and 100% accuracy.
However, in the third experiment, where the matrix was poorly
conditioned, LU decomposition exhibited significantly worse
accuracy, with an error of 29,835.19%. In contrast, QR
decomposition maintained its stability and accuracy. This
highlights the greater consistency and stability of QR
decomposition, particularly when dealing with poorly
conditioned matrices.

V. DISCUSSION

The results demonstrated that LU decomposition generally
outperforms QR in terms of computational time. However, QR
decomposition exhibited more consistent and stable
performance across all trials, which can be attributed to the
inherent stability of the QR algorithm. Both methods achieved
100% accuracy, indicating that they provide reliable solutions
when solving linear systems with well-conditioned

Despite these insights, the experimental setup was limited by
the use of randomly generated dense matrices. Such matrices
may not fully capture the complexities of real-world problems,
as they do not account for factors like matrix conditioning or
sparsity, which can significantly impact the performance of both
methods. In particular, the condition number of a matrix plays a
crucial role in the stability of LU decomposition, while QR
decomposition tends to perform better with poorly conditioned
matrices.

Future work should focus on exploring a wider variety of
matrix types, including sparse and ill-conditioned matrices, to
assess how these factors influence the performance of LU and
QR decomposition. Additionally, scaling the problem size and
incorporating parallelization could provide further insights into
the scalability and efficiency of both methods for large-scale
systems. By addressing these factors, a more comprehensive
understanding of the strengths and weaknesses of LU and QR
decomposition in different contexts can be achieved.

VI. CONCLUSION

Both LU and QR decomposition are effective methods for
solving linier systems, but the choice between them should
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depend on the specific characteristics of the matrix and the
problem at hand.
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